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ON A p(·)-BIHARMONIC PROBLEM OF KIRCHHOFF TYPE
INVOLVING CRITICAL GROWTH
NGUYEN THANH CHUNG AND KY HO
Abstract. We establish a concentration-compactness principle for the Sobolev space
W 2,p(·)(Ω)∩W
1,p(·)
0 (Ω) that is a tool for overcoming the lack of compactness of the critical
Sobolev imbedding. Using this result we obtain several existence and multiplicity results for
a class of Kirchhoff type problems involving p(·)-biharmonic operator and critical growth.
1. Introduction
In this paper, we study the existence of solutions to the following problem involving
critical growth{
∆2p(x)u−M
(´
Ω
1
p(x)
|∇u|p(x) dx
)
∆p(x)u = λf(x, u) + |u|
q(x)−2u in Ω,
u = ∆u = 0 on ∂Ω,
(1.1)
where Ω is a bounded domain of RN (N ≥ 3) with a Lipschitz boundary ∂Ω; ∆2p(x)u :=
∆(|∆u|p(x)−2∆u) is the operator of fourth order called the p(·)-biharmonic operator, ∆p(x)u :=
div
(
|∇u|p(x)−2∇u
)
is the p(·)-Laplacian; p, q ∈ C+(Ω) :=
{
h ∈ C(Ω) : 1 < h− :=
minx∈Ω h(x) ≤ h
+ := maxx∈Ω h(x) < ∞
}
such that p+ < N/2 and p(x) < q(x) ≤ p∗2(x) :=
Np(x)
N−2p(x)
for all x ∈ Ω; M : R+0 := [0,∞)→ R
+ is a continuous function; f : Ω×R→ R is a
Carathe´odory function; and λ is a positive real parameter.
We know that problem (1.1) is strongly related to extensible beam type equations and
stationary Berger plate equations, which are known as the generalizations of Kirchhoff type
equations. Indeed, Woinowsky-Krieger [36] studied the following fourth equation in one
dimension
∂2u
∂t2
+
EI
ρ
∂4u
∂x4
−
(
H
ρ
+
EA
2ρL
ˆ L
0
∣∣∣∣∂u∂x
∣∣∣∣2 dx
)
∂2u
∂x2
= 0, (1.2)
which was proposed to modify the theory of the dynamic Euler-Bernoulli beam. There, L
is the length of the beam in the rest position, E is the Young modulus of the material,
I is the cross-sectional moment of inertia, ρ is the mass density, H is the tension in the
rest position and A is the cross-sectional area. In the special case I = 0, (1.2) is called a
Kirchhoff type equation, see [26]. After that, Berger [6] studied the following von Karman
plate equation in two dimension
∂2u
∂t2
+∆2u+
(
Q+
ˆ
Ω
|∇u|2 dx
)
∆u = f(u, ut, x) (1.3)
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that is known as the Berger plate model. Here, ∆2(·) and ∆(·) are usually called the
biharmonic operator and the Laplace operator, respectively. Equation (1.3) describes large
deflection of plate, where the parameter Q describes in-plane forces applied to the plate
and the function f represents transverse loads, which may depend on the displacement u
and the velocity ut. Because of the importance of equations (1.2) and (1.3) in engineering,
physics and material mechanics, many studies on the existence of solutions as well as their
properties have been made in the last decades. From the mathematical point of view,
problem (1.1) can be seen as a generalization of the stationary problem associated with
(1.2) in one dimension and equation (1.3) in two dimension.
Now, we describes some recent results that lead us to study problem (1.1). We point out
that problem (1.1) in the case of constant exponent p(·) ≡ p, namely,{
∆2pu−M
(´
Ω
|∇u|p dx
)
∆pu = g(x, u) in Ω,
u = ∆u = 0 on ∂Ω,
(1.4)
has been studied by many mathematicians. We start with the paper by Ma [29], which can
be seen as one of interesting papers on the existence of solutions for fourth-order problems
of Kirchhoff type. There, the author studied the existence and multiplicity of positive
solutions for the following problem{
u
′′′′
−M
(´ 1
0
|u′|2 dx
)
u′′ = q(x)h(x, u, u′),
u(0) = u(1) = u
′′
(0) = u
′′
(1) = 0,
(1.5)
using the Krasnosel’skii fixed point theorem in cones of ordered Banach spaces, h ∈ C([0, 1]×
[0,∞)×R), M ∈ C([0,∞)) are nonnegative real functions and q ∈ C[0, 1] is a positive real
function. In [34], Wang et al. first considered problem (1.4) with p = 2 using variational
methods. In order to show the existence of solutions, the Kirchhoff function M is assumed
to be positive and bounded on [0,∞) while the nonlinearity g satisfies the Ambrosetti-
Rabinowitz type condition. Some restrictions on the functions M and g are eliminated in
the later paper [35] in which the Kirchhoff function is of the form M(t) = a + bt, a > 0,
b ≥ 0 and the mountain pass techniques as well as truncation methods are applied. Later
on, there have been many papers concerning problem (1.4) where Ω is a bounded domain
or the whole RN . We refer the reader to the papers [3,17,27,37,38] for the existence of the
solutions and [33, 40] for the properties of solutions. However, there are very few papers
considering problem (1.4) in the critical case, that is, the nonlinearity g has critical growth
(see, for example, [11, 19, 27]).
Recently, the study of partial differential equations with variable exponents has received
a lot of attention. The reason of such interest starts from the study of the role played
by their applications in mathematical modelling of non-Newtonian fluids, in particular, the
electro-rheological fluids and of other phenomena related to image processing, elasticity and
the flow in porous media, see [12, 32]. For more information, the reader can consult the
important monographs due to Diening et al. [15] and Ra˘dulescu et al. [31]. Many authors
have been also interested in problems with variable exponents involving the p(·)-Laplacian,
Kirchhoff terms as well as a critical growth (see, for example, [1, 8, 14, 21, 23, 24]). In the
case of problems involving the p(·)-biharmonic operator, we refer to [2, 5, 9, 13, 25]. In the
above papers, we are particularly interested in the works where the critical problems are
discussed.
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One of the main features of elliptic equations involving critical growth is the lack of
compactness arising in connection with the variational approach. In order to overcome the
lack of compactness, Lions [28] introduced the method using the so-called concentration-
compactness principle to show a Palais-Smale ((PS), for short) sequence is precompact. The
variable exponent version of the Lions concentration-compactness principle for a bounded
domain was independently obtained in [21] and [8]. Since then, many authors have applied
these results to study critical elliptic problems involving variable exponents. As far as we
know, while many authors are interested in the study of problems involving p(·)-biharmonic
operator in both local and nonlocal cases, there is no paper mentioning the critical case of
nonlinearity. So, the goal of our paper is to fill this gap.
Our study here is particularly inspired by the contributions in recent works [8,13,14,18,19,
23,24]. In [18,19], Figueiredo et al. studied a class of Kirchhoff type problems with critical
growth involving the Laplace operator ∆(·) or the biharmonic operator ∆2(·). Meanwhile,
based on the concentration-compactness principle by Bonder and Silva [8], Correa et al. [14]
and Hurtado et al. [24] developed the above results (for the Laplace operator ∆(·)) in the
variable exponent framework. In this paper, we will study the existence of solutions for
p(·)-biharmonic problem (1.1) with critical growth. As we will see in the next sections,
there are three main difficulties in our situation. The first one comes from the appearance
of the nonlocal term M
(´
Ω
1
p(x)
|∇u|p(x) dx
)
, which causes some mathematical difficulties
because (1.1) is no longer a pointwise identity. The second one is that our problem involves
the critical growth that makes it lack of compactness since the imbedding W 2,p(·)(Ω) ∩
W
1,p(·)
0 (Ω) →֒ L
q(·)(Ω) is not compact. Finally, we can see that problem (1.1) is considered
with non-standard growth conditions. This leads to the fact that the operators appeared in
the problem are not homogeneous. To overcome the above difficulties, we first establish a
concentration-compactness principle for the Sobolev space W 2,p(·)(Ω) ∩W
1,p(·)
0 (Ω) which is
one of the main results of our paper, see Theorem 2.1. Then, applying variational methods
combined with the genus theory, we obtain some existence and multiplicity results for the
problems with a generalized concave-convex or p(·)-superlinear term, see Theorems 2.2 and
2.3. In particular, we introduce a new class of nonlinearities which is a generalization of
concave-convex type of nonlinearities. For this reason, we believe Theorem 2.2 is new even
in the constant exponent case.
The paper is organized as follows. In Section 2, we state our main results: the concentration-
compactness principle for the Sobolev space W 2,p(·)(Ω)∩W
1,p(·)
0 (Ω) and the existence results
for problems with a generalized concave-convex or p(·)-superlinear term. In Section 3, we
briefly review Lebesgue and Sobolev spaces with variable exponent, which is the framework
of our mathematical analysis. Section 4 is devoted to the proof of the aforementioned
concentration-compactness principle. In the last section, Section 5, we prove existence
results using our concentration-compactness principle, a truncation technique and genus
theory.
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2. Main Results
In order to state our main results, we first present a framework of our analysis. For
p ∈ C+(Ω) given, define the variable exponent Lebesgue space L
p(·)(Ω) as
Lp(·)(Ω) :=
{
u : Ω→ R is measurable,
ˆ
Ω
|u(x)|p(x) dx <∞
}
,
endowed with the Luxemburg norm
|u|p(·) := inf
{
λ > 0 :
ˆ
Ω
∣∣∣u(x)
λ
∣∣∣p(x) dx ≤ 1} .
Let k ∈ N. The variable exponent Sobolev space W k,p(·)(Ω) is defined as
W k,p(·)(Ω) := {u ∈ Lp(·)(Ω) : |Dαu| ∈ Lp(·)(Ω), |α| ≤ k},
endowed with the norm
‖u‖W k,p(·)(Ω) :=
∑
|α|≤k
∣∣|Dαu|∣∣
p(·)
.
Define W
k,p(·)
0 (Ω) as the closure of C
∞
c (Ω) in W
k,p(·)(Ω). It is well known that W k,p(·)(Ω)
and W
k,p(·)
0 (Ω) are reflexive separable Banach spaces (see, for example, [15, 31]). Note that
on W 2,p(·)(Ω) ∩ W
1,p(·)
0 (Ω), the norms ‖u‖W 2,p(·)(Ω) and ‖u‖ := |∆u|p(·) are equivalent due
to [39, Theorem 4.4]. We will look for solutions to problem (1.1) in space:
X :=
(
W 2,p(·)(Ω) ∩W
1,p(·)
0 (Ω), ‖ · ‖
)
.
We denote by C log+ (Ω) the set of all functions h in C+(Ω) that are log-Ho¨lder continuous,
namely,
sup
x,y∈Ω
0<|x−y|< 12
|h(x)− h(y)| log
1
|x− y|
<∞.
Throughout this paper, we assume that the exponents p and q satisfy
(C) p ∈ C log+ (Ω), p
+ < N/2, q ∈ C+(Ω), p(x) < q(x) ≤ p
∗
2(x) for all x ∈ Ω, and
A :=
{
x ∈ Ω : q(x) = p∗2(x)
}
6= ∅.
Under this assumption, it holds that X →֒ Lq(·)(Ω) and hence,
S := inf
φ∈X\{0}
‖φ‖
|φ|q(·)
> 0 (2.1)
(see Proposition 3.4 below). In order to state our first main result, let M(Ω) denote the
space of Radon measures on Ω; that is, the dual space of C(Ω). By Riesz representation
theorem, for each µ ∈M(Ω), there is a unique signed Borel measure on Ω, still denoted by
µ, such that
〈µ, f〉 =
ˆ
Ω
f dµ, ∀f ∈ C(Ω).
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We identify L1(Ω) with a subspace of M(Ω) through the imbedding T : L1(Ω) → M(Ω)
defined by
〈Tu, f〉 =
ˆ
Ω
uf dx ∀u ∈ L1(Ω), ∀f ∈ C(Ω)
(see, for example., [10, p. 116]). In what follows, the notations un → u (resp. un ⇀ u, un
∗
⇀
u) stand for the term un strongly (resp. weakly, weakly-∗) converges to u as n→∞ in an
appropriate space.
The following theorem is a concentration-compactness principle for high order Sobolev
spaces with variable exponent, which is essential for our arguments in dealing with prob-
lem (1.1) via variational methods.
Theorem 2.1. (The concentration-compactness principle for X = W 2,p(·)(Ω) ∩
W
1,p(·)
0 (Ω)) Assume that (C) holds. Let {un}n∈N be a bounded sequence in X such that
un ⇀ u in X,
|∆un|
p(·) ∗⇀ µ in M(Ω),
|un|
q(·) ∗⇀ ν in M(Ω).
Then, there exist {xi}i∈I ⊂ A of distinct points and {νi}i∈I , {µi}i∈I ⊂ (0,∞), where I is at
most countable, such that
ν = |u|q(·) +
∑
i∈I
νiδxi, (2.2)
µ ≥ |∆u|p(·) +
∑
i∈I
µiδxi , (2.3)
Sν
1
p∗
2
(xi)
i ≤ µ
1
p(xi)
i , ∀i ∈ I, (2.4)
where δxi is the Dirac mass at xi.
As an application of Theorem 2.1, we investigate the existence and multiplicity of solu-
tions to problem (1.1). For this purpose, in what follows we further assume that
(P) There exists a vector l ∈ RN \ {0} such that for any x ∈ Ω, η(t) := p(x + tl) is
monotone for t ∈ Ix := {t ∈ R : x+ tl ∈ Ω}.
(Q) p+ < q−.
(M) M : R+0 → R is increasing and there exists m0 > 0 such that M(t) ≥ m0 = M(0)
for all t ∈ R+0 .
(F0) There exist a constant C1 > 0 and a function α ∈ C+(Ω) such that p
+ < α− ≤
α(x) < p∗2(x) for all x ∈ Ω and
|f(x, t)| ≤ C1
(
1 + |t|α(x)−1
)
for a.e. x ∈ Ω and all t ∈ R.
By a (weak) solution of problem (1.1), we mean a function u ∈ X such thatˆ
Ω
|∆u|p(x)−2∆u∆v dx+M
(ˆ
Ω
1
p(x)
|∇u|p(x) dx
) ˆ
Ω
|∇u|p(x)−2∇u · ∇v dx
−λ
ˆ
Ω
f(x, u)v dx−
ˆ
Ω
|u|q(x)−2uv dx = 0, ∀v ∈ X.
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We first investigate the multiplicity of solutions to problem (1.1) when the nonlinearity is
of generalized concave-convex type. Precisely, we assume that
(F1) f(x,−t) = −f(x, t) for a.e. x ∈ Ω and all t ∈ R.
(F2) There exist r ∈ C+(Ω) with r
+ < p− and positive constants Ci (i = 2, 6) such that
C2|t|
r(x) ≤ q−F (x, t) ≤ f(x, t)t+ C3|t|
r(x) + C4|t|
p(x) and F (x, t) ≤ C5|t|
r(x) + C6|t|
p(x)
for a.e. x ∈ Ω and all t ∈ R, where F (x, t) :=
´ t
0
f(x, s) ds.
A typical example for f fulfilling (F0) − (F2) is a p(·)-sublinear term f(x, t) = |t|
r(x)−2t
with r+ < p−. A more general and remarkable example is f(x, t) = c1|t|
r(x)−2t logκ(e+ |t|)+
c2|t|
m(x)−2t with r+ < p−, m ∈ C+(Ω) satisfying m(x) ≤ p(x) for all x ∈ Ω, c1 > 0, c2 ≥ 0
and κ ≥ 0. Our first existence result is the following.
Theorem 2.2. (Infinitely many solutions for the generalized concave-convex type
problem) Let (P), (Q), (C), (M), (F0), (F1) and (F2) hold. Then, there exists λ∗ > 0
such that for any λ ∈ (0, λ∗), problem (1.1) admits infinitely many solutions. Furthermore,
if let uλ be one of these solutions, then it holds that
lim
λ→0+
‖uλ‖ = 0.
Finally, we investigate the existence of a nontrivial solution to problem (1.1) when the
nonlinearity is of p(·)-superlinear type. Precisely, we assume that
(F3) limt→0
f(x,t)
|t|p(x)−1
= 0 uniformly in x ∈ Ω.
(F4) There exists θ ∈ (p
+, q−) such that
0 < θF (x, t) ≤ f(x, t)t for a.e. x ∈ Ω and all t ∈ R \ {0}.
The next theorem is our second existence result.
Theorem 2.3. (Existence result for the p(·)-superlinear type problem) Let (P),
(Q), (C), (M), (F0), (F3) and (F4) hold. Then, there exists λ
∗ > 0 such that for any
λ ≥ λ∗, problem (1.1) admits a nontrivial solution uλ. Moreover, it holds that
lim
λ→∞
‖uλ‖ = 0.
3. Preliminaries and Notations
In this section, we briefly review fundamental properties of Lebesgue-Sobolev spaces with
variable exponent. Let Ω be a bounded Lipschitz domain in RN . For m ∈ C+(Ω) and a
σ-finite, complete measure µ in Ω, define the variable exponent Lebesgue space L
m(·)
µ (Ω) as
Lm(·)µ (Ω) :=
{
u : Ω→ R is µ−measurable,
ˆ
Ω
|u(x)|m(x) dµ <∞
}
,
endowed with the Luxemburg norm
|u|
L
m(·)
µ (Ω)
:= inf
{
λ > 0 :
ˆ
Ω
∣∣∣u(x)
λ
∣∣∣m(x) dµ ≤ 1} .
When dµ = dx the Lebesgue measure, as in Section 2, we write Lm(·)(Ω) and |u|m(·) in place
of L
m(·)
µ (Ω) and |u|Lm(·)µ (Ω), respectively.
The following propositions are crucial for our arguments in the next sections.
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Proposition 3.1 ( [15]). The space L
m(·)
µ (Ω) is a separable and uniformly convex Banach
space, and its conjugate space is L
m′(·)
µ (Ω), where 1/m(x) + 1/m′(x) = 1. For any u ∈
L
m(·)
µ (Ω) and v ∈ L
m′(·)
µ (Ω), we have∣∣∣∣ˆ
Ω
uv dµ
∣∣∣∣ ≤ 2|u|Lm(·)µ (Ω)|v|Lm′(·)µ (Ω).
Define the modular ρ : L
m(·)
µ (Ω) → R as
ρ(u) =
ˆ
Ω
|u(x)|m(x) dµ, ∀u ∈ Lm(·)µ (Ω).
Proposition 3.2 ( [15]). For all u ∈ L
p(·)
µ (Ω), we have
(i) |u|m
+
L
m(·)
µ (Ω)
< 1 (= 1, > 1) if and only if ρ(u) < 1 (= 1, > 1), respectively;
(ii) if |u|m
+
L
m(·)
µ (Ω)
> 1, then |u|m
−
L
m(·)
µ (Ω)
≤ ρ(u) ≤ |u|m
+
L
m(·)
µ (Ω)
;
(iii) if |u|
L
m(·)
µ (Ω)
< 1, then |u|m
+
L
m(·)
µ (Ω)
≤ ρ(u) ≤ |u|m
−
L
m(·)
µ (Ω)
.
Consequently,
|u|m
−
L
m(·)
µ (Ω)
− 1 ≤ ρ(u) ≤ |u|m
+
L
m(·)
µ (Ω)
+ 1, ∀u ∈ Lm(·)µ (Ω).
Thus, modular convergence and norm convergence on L
m(·)
µ (Ω) are equivalent.
Proposition 3.3. If u, un ∈ L
m(·)
µ (Ω) (n = 1, 2, · · · ), then the following statements are
equivalent:
(i) limn→∞ |un − u|Lm(·)µ (Ω) = 0;
(ii) limn→∞ ρ(un − u) = 0.
Let k ∈ N and define Sobolev spaces W k,m(·)(Ω) as in Section 2. We have the following
crucial imbeddings on W k,m(·)(Ω).
Proposition 3.4 ( [15]). Let k ∈ N and let m ∈ C log+ (Ω) be such that km
+ < N . Let
t ∈ C(Ω) satisfy
1 ≤ t(x) ≤ m∗k(x) :=
Nm(x)
N − km(x)
, ∀x ∈ Ω.
Then, we obtain the continuous imbedding
W k,m(·)(Ω) →֒ Lt(·)(Ω).
If we assume in addition that t(x) < m∗k(x) for all x ∈ Ω, then the above imbedding is
compact.
Proposition 3.5 ( [39]). Assume that m ∈ C log+ (Ω) such that 2m
+ < N. Then, we have
the compact imbedding
W 2,m(·)(Ω) →֒→֒ W 1,m(·)(Ω).
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4. Proof of The Concentration-Compactness Principle
In this section we give a proof of Theorem 2.1 by modifying the idea used in [8, 23] that
extended the concentration-compactness principle by Lions [28] to the variable exponent
case. Before giving a proof of Theorem 2.1, we review some auxiliary results obtained
in [8].
Lemma 4.1 ( [8]). Let ν, {νn}n∈N be nonnegative and finite Radon measures on Ω such that
νn
∗
⇀ ν in M(Ω). Then, for any m ∈ C+(Ω),
|φ|
L
m(·)
νn (Ω)
→ |φ|
L
m(·)
ν (Ω)
, ∀φ ∈ C(Ω).
Lemma 4.2 ( [8]). Let µ, ν be two nonnegative and finite Borel measures on Ω, such that
there exists some constant C > 0 such that
|φ|
L
t(·)
ν (Ω)
≤ C|φ|
L
s(·)
µ (Ω)
, ∀φ ∈ C∞(Ω)
for some s, t ∈ C+(Ω) satisfying s(x) < t(x) for all x ∈ Ω. Then, there exist an at most
countable set {xi}i∈I of distinct points in Ω and {νi}i∈I ⊂ (0,∞), such that
ν =
∑
i∈I
νiδxi.
The following result is an extension of the Brezis-Lieb Lemma to variable exponent
Lebesgue spaces.
Lemma 4.3 ( [23]). Let {fn} be a bounded sequence in L
t(·)(Ω) (t ∈ C+(Ω)) and fn(x) →
f(x) a.e. x ∈ Ω. Then f ∈ Lt(·)(Ω) and
lim
n→∞
ˆ
Ω
∣∣|fn|t(x) − |fn − f |t(x) − |f |t(x)∣∣ dx = 0.
Proof of Theorem 2.1. Let vn = un − u. Then, up to a subsequence, we have{
vn(x) → 0 a.e. x ∈ Ω,
vn ⇀ 0 in X.
(4.1)
So, by Lemma 4.3, we deduce that
lim
n→∞
ˆ
Ω
∣∣|un|q(x) − |vn|q(x) − |u|q(x)∣∣ dx = 0.
From this and (4.1), we easily obtain
lim
n→∞
(ˆ
Ω
φ|un|
q(x) dx−
ˆ
Ω
φ|vn|
q(x) dx
)
=
ˆ
Ω
φ|u|q(x) dx, ∀φ ∈ C(Ω),
i.e.,
|vn|
q(·) ∗⇀ ν¯ = ν − |u|q(·) in M(Ω). (4.2)
It is clear that {|∆vn|
p(·)} is bounded in L1(Ω). So up to a subsequence, we have
|∆vn|
p(·) ∗⇀ µ¯ in M(Ω) (4.3)
for some finite nonnegative Radon measure µ¯ on Ω. Clearly, φv ∈ X for any φ ∈ C∞(Ω)
and for any v ∈ X . So, utilizing (2.1), for any φ ∈ C∞(Ω), we get
S|φvn|q(·) ≤ |∆(φvn)|p(·)
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≤ |φ∆vn|p(·) + 2|∇φ · ∇vn|p(·) + |vn∆φ|p(·)
≤ |φ∆vn|p(·) + 2‖φ‖C2(Ω)‖vn‖W 1,p(·)(Ω). (4.4)
Note that vn → 0 in W
1,p(·)(Ω) in view of Proposition 3.5. From this and Lemma 4.1, we
deduce from (4.2)-(4.4) that
S|φ|
L
q(·)
ν¯ (Ω)
≤ |φ|
L
p(·)
µ¯ (Ω)
, ∀φ ∈ C∞(Ω).
Thus, from Lemma 4.2, we obtain (2.2). We claim that {xi}i∈I ⊂ A. Assume by con-
tradiction that there is some xi ∈ Ω \ A. Let δ > 0 be such that B2δ(xi) ⊂ R
N \ A. Set
B = Bδ(xi)∩Ω then B ⊂ Ω\A and hence, q(x) < p
∗
2(x) for all x ∈ B. Since 1 < q(x) < p
∗
2(x)
for all x ∈ B ∩ Ω, we can find q˜ ∈ C+(Ω) such that q˜|B = q and q˜(x) < p
∗
2(x) for all x ∈ Ω.
Thus, un → u in L
q˜(·)(Ω) in view of Proposition 3.4. Equivalently,
´
Ω
|un − u|
q˜(x) dx → 0;
hence,
´
B
|un − u|
q(x) dx→ 0. This yieldsˆ
B
|un|
q(x) dx→
ˆ
B
|u|q(x) dx
in view of Lemma 4.3. From this and the fact that ν(B) ≤ lim infn→∞
´
B
|un|
q(x) dx (see [20,
Proposition 1.203]), we obtain ν(B) ≤
´
B
|u|q(x) dx. Meanwhile, from (2.2), we have
ν(B) ≥
ˆ
B
|u|q(x) dx+ νi >
ˆ
B
|u|q(x) dx,
a contradiction. So {xi}i∈I ⊂ A.
Next, to obtain (2.4), let η be in C∞c (R
N) such that 0 ≤ η ≤ 1, η ≡ 1 on B1/2(0) and
η ≡ 0 outside B1(0). Fix i ∈ I. For ǫ > 0, set Ωi,ǫ := Bǫ(xi) ∩ Ω, φi,ǫ(x) := η(
x−xi
ǫ
) and
p+i,ǫ := sup
x∈Ωi,ǫ
p(x), p−i,ǫ := inf
x∈Ωi,ǫ
p(x),
q+i,ǫ := sup
x∈Ωi,ǫ
q(x), q−i,ǫ := inf
x∈Ωi,ǫ
q(x).
Utilizing (2.1) again, we have
S|φi,ǫun|q(·)
≤
∣∣φi,ǫ∆un∣∣p(·) + 2∣∣∇un · ∇φi,ǫ∣∣p(·) + ∣∣un∆φi,ǫ∣∣p(·)
≤
∣∣φi,ǫ∆un∣∣p(·) + 2∣∣∇u · ∇φi,ǫ∣∣p(·) + ∣∣u∆φi,ǫ∣∣p(·) + 2‖φi,ǫ‖C2(Ω)‖un − u‖W 1,p(·)(Ω).
Letting n→∞ in the last estimate with taking Lemma 4.1 into account and noting un → u
in W 1,p(·)(Ω) due to Proposition 3.5, we get that
S|φi,ǫ|Lq(·)ν (Ω) ≤ |φi,ǫ|Lp(·)µ (Ω) + 2
∣∣∇u · ∇φi,ǫ∣∣p(·) + ∣∣u∆φi,ǫ∣∣p(·). (4.5)
Invoking Proposition 3.2, we have
|φi,ǫ|Lq(·)ν (Ω) ≥ min

(ˆ
Ωi,ǫ
|φi,ǫ|
q(x) dν
) 1
q+
i,ǫ
,
(ˆ
Ωi,ǫ
|φi,ǫ|
q(x) dν
) 1
q−
i,ǫ
 .
Meanwhile, ˆ
Ωi,ǫ
|φi,ǫ|
q(x) dν ≥
ˆ
Bǫ/2(xi)∩Ω
|φi,ǫ|
q(x) dν ≥ νi.
10 N.T. CHUNG AND K. HO
Thus,
|φi,ǫ|Lq(·)ν (Ω) ≥ min
{
ν
1
q+
i,ǫ
i , ν
1
q−
i,ǫ
i
}
. (4.6)
On the other hand, by applying Proposition 3.2 again, we have
|φi,ǫ|Lp(·)µ (Ω) ≤ max

(ˆ
Ωi,ǫ
|φi,ǫ|
p(x) dµ
) 1
p+
i,ǫ
,
(ˆ
Ωi,ǫ
|φi,ǫ|
p(x) dµ
) 1
p−
i,ǫ
 .
Meanwhile, ˆ
Ωi,ǫ
|φi,ǫ|
p(x) dµ ≤
ˆ
Ωi,ǫ
dµ = µ(Ωi,ǫ).
Thus, we obtain
|φi,ǫ|Lp(·)µ (Ω) ≤ max
{
µ(Ωi,ǫ)
1
p+
i,ǫ , µ(Ωi,ǫ)
1
p−
i,ǫ
}
. (4.7)
To estimate the remaining two terms in (4.5), we first note that |∇u| ∈ Lp
∗
1(·)(Ω) (since
|∇u| ∈ W 1,p(·)(Ω)) and u ∈ Lp
∗
2(·)(Ω) in view of Proposition 3.4. Then using Proposition 3.1,
we obtain ˆ
Ω
|∇u · ∇φi,ǫ|
p(x) dx =
ˆ
Ωi,ǫ
|∇u|p(x)|∇φi,ǫ|
p(x) dx
≤ 2
∣∣|∇u|p(·)∣∣
L
p∗1(·)
p(·) (Ωi,ǫ)
∣∣|∇φi,ǫ|p(·)∣∣
L
N
p(·) (Ωi,ǫ)
(4.8)
and ˆ
Ω
|u∆φi,ǫ|
p(x) dx =
ˆ
Ωi,ǫ
|u|p(x)|∆φi,ǫ|
p(x) dx
≤ 2
∣∣|u|p(·)∣∣
L
p∗
2
(·)
p(·) (Ωi,ǫ)
∣∣|∆φi,ǫ|p(·)∣∣
L
N
2p(·) (Ωi,ǫ)
. (4.9)
Applying Proposition 3.2, we have∣∣|∇φi,ǫ|p(·)∣∣
L
N
p(·) (Ωi,ǫ)
≤
(
1 +
ˆ
Bǫ(xi)
|∇φi,ǫ|
N dx
)p+/N
=
(
1 +
ˆ
B1(0)
|∇η(y)|N dy
)p+/N
and∣∣|∆φi,ǫ|p(·)∣∣
L
N
2p(·) (Ωi,ǫ)
≤
(
1 +
ˆ
Bǫ(xi)
|∆φi,ǫ|
N/2 dx
)2p+/N
=
(
1 +
ˆ
B1(0)
|∆η(y)|N/2 dy
)2p+/N
.
Utilizing the last two estimates, we deduce from (4.8) and (4.9) that
2
ˆ
Ω
|∇u · ∇φi,ǫ|
p(x) dx+
ˆ
Ω
|u∆φi,ǫ|
p(x) dx→ 0 as ǫ→ 0+.
By Proposition 3.3, this is equivalent to
2
∣∣∇u · ∇φi,ǫ∣∣p(·) + ∣∣u∆φi,ǫ∣∣p(·) → 0 as ǫ→ 0+. (4.10)
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Letting ǫ → 0+ in (4.5) and taking into account (4.6), (4.7), (4.10), the continuity of p, q
on Ω, and the fact that xi ∈ A we obtain
Sν
1/p∗2(xi)
i ≤ µ
1/p(xi)
i ,
where µi := µ({xi}). In particular, {xi}i∈I are atoms of µ.
Finally, to show (2.3), note that for any φ ∈ C(Ω) with φ ≥ 0, the functional u 7→´
Ω
φ(x)|∆u|p(x) dx is convex and differentiable on X . Hence, it is weakly lower semicontin-
uous and therefore,ˆ
Ω
φ(x)|∆u|p(x) dx ≤ lim inf
n→∞
ˆ
Ω
φ(x)|∆un|
p(x) dx =
ˆ
Ω
φ dµ.
Thus, µ ≥ |∆u|p(·). Extract µ to its atoms, we deduce (2.3). 
5. Proofs of Existence Results
In this section, we prove the existence results stated in Section 2, that is, Theorems 2.2 and
2.3. To determine solutions of problem (1.1) we consider the energy functional associated
with problem (1.1):
Jλ(u) :=
ˆ
Ω
1
p(x)
|∆u|p(x) dx+ M̂
(ˆ
Ω
1
p(x)
|∇u|p(x) dx
)
− λ
ˆ
Ω
F (x, u) dx−
ˆ
Ω
1
q(x)
|u|q(x) dx, u ∈ X,
where M̂(t) :=
´ t
0
M(s) ds. Clearly, Jλ : X → R is of class C
1 and any critical point of
Jλ is a solution to problem (1.1). In order to prove Theorem 2.2, we apply a truncation
technique used in [7, 19] as follows. Fix t0 > 0, which will be specific later, and define a
truncation of M(t) as
M0(t) :=
{
M(t), 0 ≤ t ≤ t0,
M(t0), t > t0.
(5.1)
Then, we consider a modified energy functional J˜λ : X → R defined as
J˜λ(u) :=
ˆ
Ω
1
p(x)
|∆u|p(x) dx+ M̂0
(ˆ
Ω
1
p(x)
|∇u|p(x) dx
)
− λ
ˆ
Ω
F (x, u) dx−
ˆ
Ω
1
q(x)
|u|q(x) dx, u ∈ X, (5.2)
where M̂0(t) :=
´ t
0
M0(s) ds. It is clear that M0 ∈ C(R
+
0 ,R
+),
m0 ≤M0(t) ≤M(t0), ∀t ∈ R
+
0 (5.3)
and
m0t ≤ M̂0(t) ≤M(t0)t, ∀t ∈ R
+
0 . (5.4)
The modified functional J˜λ is also of class C
1(X,R) and its Fre´chet derivative J˜ ′λ : X → X
∗
is given by〈
J˜ ′λ(u), v
〉
=
ˆ
Ω
|∆u|p(x)−2∆u∆v dx+M0
(ˆ
Ω
1
p(x)
|∇u|p(x) dx
) ˆ
Ω
|∇u|p(x)−2∇u · ∇v dx
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−λ
ˆ
Ω
f(x, u)v dx−
ˆ
Ω
|u|q(x)−2uv dx, ∀ u, v ∈ X.
Here and in the sequel, X∗ denotes the dual space of X and 〈·, ·〉 denote the duality pairing
between X and X∗. Obviously, any critical point u of J˜λ with
´
Ω
1
p(x)
|∇u|p(x) dx ≤ t0 is a
solution to problem (1.1).
In the rest of this section, on X we will make use of the following equivalent norm:
‖u‖0 := inf
{
τ > 0 :
ˆ
Ω
1
p(x)
[∣∣∣∣∆uτ
∣∣∣∣p(x) + ∣∣∣∣∇uτ
∣∣∣∣p(x)
]
dx ≤ 1
}
.
As a standard relation between norm and modular, we have
min
{
‖u‖p
−
0 , ‖u‖
p+
0
}
≤
ˆ
Ω
1
p(x)
[
|∆u|p(x) + |∇u|p(x)
]
dx ≤ max
{
‖u‖p
−
0 , ‖u‖
p+
0
}
(5.5)
for all u ∈ X . We also make use of the fact that assumption (P) to ensures
µ1 := inf
ϕ∈C∞c (Ω)\{0}
´
Ω
|∇ϕ|p(x) dx´
Ω
|ϕ|p(x) dx
> 0 (5.6)
that was shown in [16]. That is, under the assumption (P) we have
µ1
ˆ
Ω
|ϕ|p(x) dx ≤
ˆ
Ω
|∇ϕ|p(x) dx, ∀ϕ ∈ X. (5.7)
5.1. The generalized concave-convex type problem. In this subsection we prove the
existence of infinitely many solutions for problem (1.1) when the nonlinearity is a general
form of concave-convex type. To this purpose, we always assume that the assumptions (P),
(Q), (C), (M), (F0), (F1) and (F2) hold.
Now, we define the truncation M0(t) of M(t) given in (5.1) and the truncated energy
functional J˜λ given in (5.2) by fixing t0 ∈ (0, 1) such that
m0 < M(t0) < q
−m0
For simplicity of notation, we denote
λ1 :=
q−
2p+C4
(
m0 −
M(t0)
q−
)
µ1 > 0 (5.8)
and
K := max
∗∈{+,−}
(l∗)−
l∗
l∗−1 (l∗ − 1)a−
1
l∗−1 b
l∗
l∗−1 > 0, (5.9)
with l(x) := p(x)
r(x)
> 1 for all x ∈ Ω, a := 1
2p+
(
m0 −
M(t0)
q−
)
µ1 > 0 and b :=
2C3
q−
|1| l(·)
l(·)−1
>
0, where µ1 and C3, C4 are given by (5.6) and (F2), respectively. The following local
compactness is essential for seeking critical points of J˜λ.
Lemma 5.1. Let λ ∈ (0, λ1) and let {un} be a bounded sequence in X such that
J˜λ(un)→ c and J˜
′
λ(un)→ 0 (5.10)
for some c ∈ R satisfying
c <
(
1
p+
−
1
q−
)
S
N
2 −Kmax
{
λ
l+
l+−1 , λ
l−
l−−1
}
, (5.11)
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where S and l, K are given by (2.1) and (5.9), respectively. Then, {un} has a convergent
subsequence.
Proof. Let λ ∈ (0, λ1) and let {un} be a bounded in X and satisfy (5.10) with c satisfying
(5.11). By the reflexivity of X and Theorem 2.1, up to a subsequence we have
un(x) → u(x) a.e. x ∈ Ω, (5.12)
un ⇀ u in X, (5.13)
|∆un|
p(·) ∗⇀ µ ≥ |∆u|p(·) +
∑
i∈I
µiδxi in M(Ω), (5.14)
|un|
q(·) ∗⇀ ν = |u|q(·) +
∑
i∈I
νiδxi in M(Ω), (5.15)
Sν
1
p∗
2
(xi)
i ≤ µ
1
p(xi)
i , ∀i ∈ I. (5.16)
We claim that I = ∅. Suppose on the contrary that there exists i ∈ I. Let ǫ > 0 and define
φi,ǫ as in the proof of Theorem 2.1. Clearly, {φi,ǫun} is bounded in X and we haveˆ
Ω
φi,ǫ|∆un|
p(x) dx−
ˆ
Ω
φi,ǫ|un|
q(x) dx
=〈J˜ ′λ(un), φi,ǫun〉+ λ
ˆ
Ω
φi,ǫf(x, un)un dx− 2
ˆ
Ω
|∆un|
p(x)−2∆un (∇un · ∇φi,ǫ) dx
−
ˆ
Ω
|∆un|
p(x)−2∆unun∆φi,ǫ dx−M0
(ˆ
Ω
1
p(x)
|∇un|
p(x) dx
) ˆ
Ω
φi,ǫ|∇un|
p(x) dx
−M0
(ˆ
Ω
1
p(x)
|∇un|
p(x) dx
) ˆ
Ω
|∇un|
p(x)−2un (∇un · ∇φi,ǫ) dx.
Thus, we have∣∣∣∣ ˆ
Ω
φi,ǫ|∆un|
p(x) dx−
ˆ
Ω
φi,ǫ|un|
q(x) dx
∣∣∣∣
≤
∣∣∣〈J˜ ′λ(un), φi,ǫun〉∣∣∣+ λ ˆ
Ω
φi,ǫ|f(x, un)un| dx+ 2
ˆ
Ω
|∆un|
p(x)−1|∇un||∇φi,ǫ| dx
+
ˆ
Ω
|∆un|
p(x)−1|un||∆φi,ǫ| dx+M0
(ˆ
Ω
1
p(x)
|∇un|
p(x) dx
) ˆ
Ω
φi,ǫ|∇un|
p(x) dx
+M0
(ˆ
Ω
1
p(x)
|∇un|
p(x) dx
) ˆ
Ω
|∇un|
p(x)−1|un||∇φi,ǫ| dx. (5.17)
We now estimate each term in the right-hand side of (5.17) as n → ∞ and then ǫ → 0+.
First, we recall that {un} is bounded in X , namely, there exists C > 0 such that
sup
n∈N
ˆ
Ω
[
|∆un|
p(x) + |∇un|
p(x)
]
dx ≤ C. (5.18)
Moreover, by Proposition 3.5 we deduce from (5.13) that
un → u in W
1,p(·)(Ω), Lα(·)(Ω) and Lr(·)(Ω). (5.19)
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In the rest of the proof, we will also denote by C various positive constants independent of
n and ǫ. From the boundedness of {φi,ǫun} in X and (5.10), we have
lim sup
ǫ→0+
lim sup
n→∞
∣∣∣〈J˜ ′λ(un), φi,ǫun〉∣∣∣ = 0. (5.20)
By (F0), we deduce from (5.12) and (5.19) that
lim sup
ǫ→0+
lim sup
n→∞
ˆ
Ω
φi,ǫ|f(x, un)un| dx = lim sup
ǫ→0+
ˆ
Ω
φi,ǫ|f(x, u)u| dx = 0 (5.21)
in view of the Lebesgue dominated convergence theorem. For the third term, we estimate
as follows. Let δ > 0 be arbitrary and fixed. By Young’s inequality and (5.18) we haveˆ
Ω
|∆un|
p(x)−1|∇un||∇φi,ǫ| dx ≤ δ
ˆ
Ω
|∆un|
p(x) dx+ C(δ)
ˆ
Ω
|∇un|
p(x)|∇φi,ǫ|
p(x) dx
≤ Cδ + C(δ)
ˆ
Ω
|∇un|
p(x)|∇φi,ǫ|
p(x) dx,
where C(δ) denotes a positive constant depending δ but independent of n and ǫ. Combining
this with (5.19) gives
lim sup
n→∞
ˆ
Ω
|∆un|
p(x)−1|∇un||∇φi,ǫ| dx ≤ Cδ + C(δ)
ˆ
Ω
|∇u|p(x)|∇φi,ǫ|
p(x) dx.
Then, arguing as that obtained (4.10) we derive
lim sup
ǫ→0+
lim sup
n→∞
ˆ
Ω
|∆un|
p(x)−1|∇un||∇φi,ǫ| dx ≤ Cδ.
Since δ > 0 was taken arbitrarily we arrive at
lim sup
ǫ→0+
lim sup
n→∞
ˆ
Ω
|∆un|
p(x)−1|∇un||∇φi,ǫ| dx = 0. (5.22)
In a similar manner we have
lim sup
ǫ→0+
lim sup
n→∞
ˆ
Ω
|∆un|
p(x)−1|un||∆φi,ǫ| dx = 0. (5.23)
Using (5.3), (5.19) and applying Proposition 3.3, we have
lim sup
n→∞
M0
(ˆ
Ω
1
p(x)
|∇un|
p(x) dx
) ˆ
Ω
φi,ǫ|∇un|
p(x) dx ≤M(t0)
ˆ
Ω
φi,ǫ|∇u|
p(x) dx.
It follows that
lim sup
ǫ→0+
lim sup
n→∞
M0
(ˆ
Ω
1
p(x)
|∇un|
p(x) dx
) ˆ
Ω
φi,ǫ|∇un|
p(x) dx = 0. (5.24)
Finally, invoking (5.3), Young’s inequality and (5.18) we deduce that for an arbitrary δ > 0,
M0
( ˆ
Ω
1
p(x)
|∇un|
p(x) dx
) ˆ
Ω
|∇un|
p(x)−1|un||∇φi,ǫ| dx
≤M(t0)
[
Cδ + C(δ)
ˆ
Ω
|un|
p(x)|∇φi,ǫ|
p(x) dx
]
.
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From this and (5.19) we obtain
lim sup
n→∞
M0
( ˆ
Ω
1
p(x)
|∇un|
p(x) dx
) ˆ
Ω
|∇un|
p(x)−1|un||∇φi,ǫ| dx
≤ M(t0)
[
Cδ + C(δ)
ˆ
Ω
|u|p(x)|∇φi,ǫ|
p(x) dx
]
.
Using estimationˆ
Ω
|u|p(x)|∇φi,ǫ|
p(x) dx ≤ 2
∣∣|u|p(·)∣∣
L
p∗
1
(·)
p(·) (Ωi,ǫ)
∣∣|∇φi,ǫ|p(·)∣∣
L
N
p(·) (Bǫ(xi))
,
where Ωi,ǫ := Bǫ(xi) ∩ Ω, and then arguing as that obtained (4.10) we infer
lim sup
ǫ→0+
lim sup
n→∞
M0
( ˆ
Ω
1
p(x)
|∇un|
p(x) dx
) ˆ
Ω
|∇un|
p(x)−1|un||∇φi,ǫ| dx = 0. (5.25)
Taking limit superior as n → ∞ and then as ǫ → 0+ in (5.17), utilizing (5.20)-(5.25), we
arrive at
µi = νi.
From this and (5.16) we obtain
νi = µi ≥ S
N
2 . (5.26)
On the other hand, by the boundedness of {un} and (5.10) we have
c+ on(1) =J˜λ(un)−
1
q−
〈
J˜ ′λ(un), un
〉
≥
(
1
p+
−
1
q−
) ˆ
Ω
|∆un|
p(x) dx+ M̂0
(ˆ
Ω
1
p(x)
|∇un|
p(x) dx
)
−
1
q−
M0
(ˆ
Ω
1
p(x)
|∇un|
p(x) dx
) ˆ
Ω
|∇un|
p(x) dx
−
λ
q−
ˆ
Ω
[q−F (x, un)− f(x, un)un] dx.
From this, (5.3), (5.4) and (F2) we obtain
c+ on(1) ≥
(
1
p+
−
1
q−
) ˆ
Ω
|∆un|
p(x) dx+
1
p+
(
m0 −
M(t0)
q−
) ˆ
Ω
|∇un|
p(x) dx
−
λ
q−
ˆ
Ω
[
C3|un|
r(x) + C4|un|
p(x)
]
dx.
Then, using (5.7) we have
c+ on(1) ≥
(
1
p+
−
1
q−
) ˆ
Ω
|∆un|
p(x) dx+
1
p+
(
m0 −
M(t0)
q−
)
µ1
ˆ
Ω
|un|
p(x) dx
−
λ
q−
ˆ
Ω
[
C3|un|
r(x) + C4|un|
p(x)
]
dx.
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Note that λ ∈ (0, λ1) implies
λC4
q−
< 1
2p+
(
m0 −
M(t0)
q−
)
µ1 and hence, the last inequality
yields
c+ on(1) ≥
(
1
p+
−
1
q−
) ˆ
Ω
|∆un|
p(x) dx+
1
2p+
(
m0 −
M(t0)
q−
)
µ1
ˆ
Ω
|un|
p(x) dx
−
λC3
q−
ˆ
Ω
|un|
r(x) dx.
Passing to the limit as n→∞ in the last inequality, taking (5.14), (5.19) and (5.26) into
account, we infer
c ≥
(
1
p+
−
1
q−
)
S
N
2 +
1
2p+
(
m0 −
M(t0)
q−
)
µ1
ˆ
Ω
|u|p(x) dx−
λC3
q−
ˆ
Ω
|u|r(x) dx.
By Proposition 3.1, we have ˆ
Ω
|u|r(x) dx ≤ 2|1| l(·)
l(·)−1
∣∣|u|r(·)∣∣
l(·)
,
where l(x) := p(x)
r(x)
. Then, it follows from the last two estimates that
c ≥
(
1
p+
−
1
q−
)
S
N
2 + a
ˆ
Ω
|u|p(x) dx− λb
∣∣|u|r(·)∣∣
l(·)
, (5.27)
where a := 1
2p+
(
m0 −
M(t0)
q−
)
µ1 and b :=
2C3
q−
|1| l(·)
l(·)−1
. We consider the following cases.
• Case
∣∣|u|r(·)∣∣
l(·)
≥ 1. Then (5.27) and Proposition 3.2 yield
c ≥
(
1
p+
−
1
q−
)
S
N
2 + aξl
−
− bλξ =: h1(ξ) with ξ :=
∣∣|u|r(·)∣∣
l(·)
≥ 1.
Thus,
c ≥ min
ξ≥0
h1(ξ) = h1
((
bλ
al−
) 1
l−−1
)
,
i.e.,
c ≥
(
1
p+
−
1
q−
)
S
N
2 − (l−)
− l
−
l−−1 (l− − 1)a
− 1
l−−1 b
l−
l−−1λ
l−
l−−1 .
• Case
∣∣|u|r(·)∣∣
l(·)
< 1. Then (5.27) and Proposition 3.2 yield
c ≥
(
1
p+
−
1
q−
)
S
N
2 + aξl
+
− bλξ =: h2(ξ) with 0 ≤ ξ :=
∣∣|u|r(·)∣∣
l(·)
< 1.
Thus,
c ≥ min
ξ≥0
h2(ξ) = h2
((
bλ
al+
) 1
l+−1
)
,
i.e.,
c ≥
(
1
p+
−
1
q−
)
S
N
2 − (l+)
− l
+
l+−1 (l+ − 1)a
− 1
l+−1 b
l+
l+−1λ
l+
l+−1 .
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Therefore, in any case, we obtain
c ≥
(
1
p+
−
1
q−
)
S
N
2 −Kmax
{
λ
l+
l+−1 , λ
l−
l−−1
}
,
where K := max
∗∈{+,−}
(l∗)−
l∗
l∗−1 (l∗−1)a−
1
l∗−1 b
l∗
l∗−1 . However, this is in contradiction with (5.11).
That is, we have shown that I = ∅ and hence, (5.15) yields
´
Ω
|un|
q(x) dx →
´
Ω
|u|q(x) dx.
Then, invoking (5.12) and Lemma 4.3 we obtain
un → u in L
q(·)(Ω).
Combining this with (5.10), (5.13), and (5.19), invoking Ho¨lder type inequality (Proposi-
tion 3.1), we obtainˆ
Ω
(
|∆un|
p(x)−2∆un − |∆u|
p(x)−2∆u
)
(∆un −∆u) dx
=〈J˜ ′λ(un), un − u〉 −M0
(ˆ
Ω
1
p(x)
|∇un|
p(x) dx
) ˆ
Ω
|∇un|
p(x)−2∇un · ∇(un − u) dx
+ λ
ˆ
Ω
f(x, un)(un − u) dx+
ˆ
Ω
|un|
q(x)−2un(un − u) dx
−
ˆ
Ω
|∆u|p(x)−2∆u (∆un −∆u) dx→ 0,
and hence, we derive un → u in X via a standard argument (see, for example, [13, Proof of
Lemma 3.4]). The proof is complete. 
By Proposition 3.4, there exists a constant C7 > 1 such that
max
{
|u|r(·), |u|q(·)
}
≤ C7‖u‖0, ∀ u ∈ X. (5.28)
Set
k0 := min{1, m0} and λ2 :=
k0µ1
2p+C6
, (5.29)
where C6 is given by (F2). Let λ ∈ (0, λ2). By (5.7) we have
λC6
ˆ
Ω
|u|p(x) dx ≤ λC6µ
−1
1
ˆ
Ω
|∇u|p(x) dx ≤
k0
2
ˆ
Ω
1
p(x)
|∇u|p(x) dx, ∀u ∈ X.
Combining this with (5.4) and (F2) gives
J˜λ(u) ≥
ˆ
Ω
1
p(x)
|∆u|p(x) dx+m0
ˆ
Ω
1
p(x)
|∇u|p(x) dx− λC5
ˆ
Ω
|u|r(x) dx
− λC6
ˆ
Ω
|u|p(x) dx−
ˆ
Ω
1
q(x)
|u|q(x) dx
≥
k0
2
ˆ
Ω
1
p(x)
[
|∆u|p(x) + |∇u|p(x)
]
dx− λC5
ˆ
Ω
|u|r(x) dx−
1
q−
ˆ
Ω
|u|q(x) dx, ∀u ∈ X.
By invoking Proposition 3.2 then using (5.28) and (5.5) we deduce from the last inequality
that
J˜λ(u) ≥
k0
2
min
{
‖u‖p
−
0 , ‖u‖
p+
0
}
− λC5max
{
|u|r
+
r(·), |u|
r−
r(·)
}
−
1
q−
max
{
|u|q
+
q(·), |u|
q−
q(·)
}
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≥
k0
2
min
{
‖u‖p
−
0 , ‖u‖
p+
0
}
− λC5C
r+
7 max
{
‖u‖r
−
0 , ‖u‖
r+
0
}
−
Cq
+
7
q−
max
{
‖u‖q
−
0 , ‖u‖
q+
0
}
.
Thus,
J˜λ(u) ≥ gλ(‖u‖0) for ‖u‖0 ≤ 1, (5.30)
where gλ ∈ C(R
+
0 ) is given by
gλ(t) :=
k0
2
tp
+
− λC5C
r+
7 t
r− −
Cq
+
7
q−
tq
−
.
Rewrite gλ(t) = C5C
r+
7 t
r− (h(t)− λ) with
h(t) := a0t
p+−r− − b0t
q−−r−,
where a0 := k0(2C5C
r+
7 )
−1 > 0 and b0 := (q
−C5)
−1Cq
+−r+
7 > 0. Clearly,
λ3 : = max
t≥0
h(t) = h
([
(p+ − r−)a0
(q− − r−)b0
] 1
q−−p+
)
= a
q−−r−
q−−p+
0 b
r−−p+
q−−p+
0
(
p+ − r−
q− − r−
) p+−r−
q−−p+ q− − p+
q− − r−
> 0 (5.31)
and for any λ ∈ (0, λ3), gλ(t) has only positive roots t1 = t1(λ) and t2 = t2(λ) with
0 < t1 <
[
(p+ − r−)a0
(q− − r−)b0
] 1
q−−p+
=: t∗ < t2.
Obviously, on R+0 the function gλ(t) is only negative on (0, t1)∪ (t2,∞). Moreover, we have
lim
λ→0+
t1(λ) = 0. (5.32)
By (5.32), we find λ4 > 0 such that
t1 < min
{
2
−1
p− ,
(
2−1tp
+
∗
)1/p−
, t
1/p−
0
}
, ∀λ ∈ (0, λ4). (5.33)
Set
λ(1)∗ := min {λ1, λ2, λ3, λ4} , (5.34)
where λ1, λ2, λ3 and λ4 are given by (5.8), (5.29), (5.31) and (5.33), respectively. For each
λ ∈
(
0, λ
(1)
∗
)
, we consider the truncated functional Tλ : X → R given by
Tλ(u) :=
ˆ
Ω
1
p(x)
|∆u|p(x) dx+ M̂0
(ˆ
Ω
1
p(x)
|∇u|p(x) dx
)
− φ
(ˆ
Ω
1
p(x)
[
|∆u|p(x) + |∇u|p(x)
]
dx
)[
λ
ˆ
Ω
F (x, u) dx+
ˆ
Ω
1
q(x)
|u|q(x) dx
]
for u ∈ X , where φ ∈ C∞c (R), 0 ≤ φ(t) ≤ 1 for all t ∈ R, φ(t) = 1 for |t| ≤ t
p−
1 and φ(t) = 0
for |t| ≥ 2tp
−
1 . Clearly, Tλ ∈ C
1(X,R) and it holds that
Tλ(u) ≥ J˜λ(u), ∀u ∈ X, (5.35)
Tλ(u) = J˜λ(u) for all u ∈ X with
ˆ
Ω
1
p(x)
[
|∆u|p(x) + |∇u|p(x)
]
dx < tp
−
1 , (5.36)
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and
Tλ(u) =
ˆ
Ω
1
p(x)
|∆u|p(x) dx+ M̂0
(ˆ
Ω
1
p(x)
|∇u|p(x) dx
)
(5.37)
for all u ∈ X with
´
Ω
1
p(x)
[
|∆u|p(x) + |∇u|p(x)
]
dx > 2tp
−
1 .
Lemma 5.2. Let λ ∈
(
0, λ
(1)
∗
)
. Then, we have
´
Ω
1
p(x)
[
|∆u|p(x) + |∇u|p(x)
]
dx < tp
−
1 and
hence, Tλ(u) = J˜λ(u) whenever Tλ(u) < 0.
Proof. Suppose that Tλ(u) < 0. Then, we have J˜λ(u) < 0 due to (5.35). We claim
that ‖u‖0 ≤ 1. Indeed, suppose on the contrary that ‖u‖0 > 1. Then,
´
Ω
1
p(x)
[
|∆u|p(x) +
|∇u|p(x)
]
dx > 1 > 2tp
−
1 due to (5.5) and (5.33) and therefore, (5.37) yieldsˆ
Ω
1
p(x)
|∆u|p(x) dx+ M̂0
(ˆ
Ω
1
p(x)
|∇u|p(x) dx
)
< 0,
a contradiction. Thus, we have ‖u‖0 ≤ 1 and hence, it follows from (5.30) that gλ(‖u‖0) ≤
J˜λ(u) < 0. Thus, ‖u‖0 < t1 or ‖u‖0 > t2 > t∗ due to (5.5) and (5.33). If ‖u‖0 > t∗, then´
Ω
1
p(x)
[
|∆u|p(x)+|∇u|p(x)
]
dx > ‖u‖p
+
0 > t
p+
∗ > 2t
p−
1 due to (5.5) and (5.33); hence, Tλ(u) ≥ 0
due to (5.37), which is absurd. Thus, ‖u‖0 < t1 and hence,
´
Ω
1
p(x)
[
|∆u|p(x) + |∇u|p(x)
]
dx <
tp
−
1 . The proof is complete.

Next, we will show that Tλ admits a sequence of critical points {un} with
´
Ω
1
p(x)
[
|∆un|
p(x)+
|∇un|
p(x)
]
dx < tp
−
1 via genus theory. Let us denote by γ(A) the genus of a closed subset
A ⊂ X \ {0} that is symmetric with respect to the origin, that is, u ∈ A implies −u ∈ A
(see [30] for a review of the definition and properties of the genus).
Lemma 5.3. Let λ ∈
(
0, λ
(1)
∗
)
. Then, for each k ∈ N, there exists ǫ > 0 such that
γ(T−ǫλ ) ≥ k,
where T−ǫλ := {u ∈ X : Tλ(u) ≤ −ǫ}.
Note that by (F1) and the definition of Tλ, T
−ǫ
λ is a closed subset of X \ {0} and is
symmetric with respect to the origin; hence, γ(T−ǫλ ) is well defined.
Proof of Lemma 5.3. Let k ∈ N and let Xk be a subspace of X of dimension k. Since all
norms on Xk are mutually equivalent, we find δk > t
−1
1 (> 1) such that
δ−1k |u|r(·) ≤ ‖u‖0 ≤ δk|u|r(·), ∀u ∈ Xk.
For u ∈ Xk with ‖u‖0 < δ
−1
k (thus, max{‖u‖0, |u|r(·)} < 1 and
´
Ω
1
p(x)
[
|∆u|p(x)+|∇u|p(x)
]
dx ≤
‖u‖p
−
0 < t
p−
1 ), we deduce from (5.36), (5.4), (F2), (5.5) and Proposition 3.2 that
Tλ(u) ≤ (M(t0) + 1)‖u‖
p−
0 −
λC2
q−
|u|r
+
r(·) ≤ (M(t0) + 1)‖u‖
p−
0 −
λC2δ
−r+
k
q−
‖u‖r
+
0 .
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That is,
Tλ(u) ≤ (M(t0) + 1)‖u‖
r+
0
(
‖u‖p
−−r+
0 −
λC2δ
−r+
k
q−(M(t0) + 1)
)
.
Thus, by taking ρ with 0 < ρ < min
{
δ−1k ,
[
λC2δ
−r+
k
q−(M(t0)+1)
] 1
p−−r+
}
and ǫ := −(M(t0)+ 1)ρ
p− +
λC2δ
−r+
k
q−
ρr
+
> 0 we have
Tλ(u) < −ǫ < 0,
for all u ∈ Sρ := {u ∈ Xk : ‖u‖0 = ρ}. Since Sρ ⊂ T
−ǫ
λ , we obtain
γ(T−ǫλ ) ≥ γ(Sρ) = k
and this completes the proof. 
Now for each k ∈ N, define
Γk := {A ⊂ X\{0} : A is closed , A = −A and γ(A) ≥ k}
and
ck := inf
A∈Γk
sup
u∈A
Tλ(u).
As in [19], we derive the following lemma.
Lemma 5.4. For each k ∈ N, the number ck is negative.
Let λ
(2)
∗ > 0 be such that(
1
p+
−
1
q−
)
S
N
2 −Kmax
{
(λ(2)∗ )
l+
l+−1 , (λ(2)∗ )
l−
l−−1
}
> 0,
where K, l are given by (5.9). Set
λ∗ := min
{
λ(1)∗ , λ
(2)
∗
}
, (5.38)
where λ
(1)
∗ is given by (5.34). The next lemma is derived from Lemma 5.1 and the deforma-
tion lemma, see [30].
Lemma 5.5. For any λ ∈ (0, λ∗), if c = ck = ck+1 = · · · = ck+m for some m ∈ N, then
γ(Kc) ≥ m+ 1,
where Kc := {u ∈ X\{0} : T
′
λ(u) = 0 and Tλ(u) = c}.
Proof. Let λ ∈ (0, λ∗). Then, by Lemma 5.4 and the choice of λ∗ we have
c < 0 <
(
1
p+
−
1
q−
)
S
N
2 −Kmax{λ
l+
l+−1 , λ
l−
l−−1}.
Thus, by Lemmas 5.1 and 5.2 it follows that Kc is a compact set. The conclusion then
follows by a standard argument using the deformation lemma (see, for example, [7, Lemma
4.4] or [19, Lemma 3.10]). 
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Proof of Theorem 2.2 completed. Let λ∗ be defined as in (5.38). Let λ ∈ (0, λ∗). By
Lemma 5.5, Tλ admits a sequence {un} of critical points with Tλ(un) < 0 for all n ∈ N.
By Lemma 5.2 and (5.33), {un} are also critical points of J˜λ with
´
Ω
1
p(x)
|∇un|
p(x) dx < t0;
hence, {un} are solutions to problem (1.1). Now, denote by uλ one of un. By Lemma 5.2
again, we have ˆ
Ω
1
p(x)
[
|∆uλ|
p(x) + |∇uλ|
p(x)
]
dx < t1(λ)
p−.
From this and (5.32), we obtain
lim
λ→0+
ˆ
Ω
1
p(x)
[
|∆uλ|
p(x) + |∇uλ|
p(x)
]
dx = 0.
Hence,
lim
λ→0+
‖uλ‖0 = 0
in view of (5.5). The desired conclusion then follows due to the equivalence of the norms
‖ · ‖ and ‖ · ‖0. The proof is complete. 
5.2. The p(·)-superlinear problem. In this subsection, we prove the existence of a non-
trivial solution to problem (1.1) when the nonlinearity is of p(·)-superlinear type. Through-
out this section, we always assume that the assumptions (P), (Q), (C), (M), (F0), (F3)
and (F4) hold. In this subsection, we define the truncation M0(t) of M(t) given in (5.1)
and the truncated energy functional J˜λ given in (5.2) by fixing t0 > 0 such that
m0 < M(t0) <
θ
p+
m0, (5.39)
where θ is given by assumption (F4). We first prove that J˜λ has the mountain pass geometry
that is stated in the following lemma.
Lemma 5.6. For λ > 0 given, the following assertions hold:
(i) there exist two positive constants ρ and δ such that J˜λ(u) ≥ δ > 0 for all u ∈ X
with ‖u‖0 = ρ;
(ii) there exists eλ ∈ X with ‖eλ‖0 > ρ satisfying J˜λ(eλ) < 0.
Proof. (i) From (F0) and (F3), for any ǫ > 0, there exists a constant C(ǫ) > 0 such that
the following estimation
|F (x, t)| ≤ ǫ|t|p(x) + C(ǫ)|t|α(x) (5.40)
holds true for a.e. x ∈ Ω an all t ∈ R. On the other hand, by Proposition 3.4, we find
C8 > 1 such that
max
{
|u|α(·), |u|q(·)
}
≤ C8‖u‖0, ∀u ∈ X. (5.41)
By relations (5.4) and (5.7) and (5.40), we have
J˜λ(u) ≥ k0
ˆ
Ω
1
p(x)
[
|∆u|p(x) + |∇u|p(x)
]
dx− λ
ˆ
Ω
(
ǫ|u|p(x) + C(ǫ)|u|α(x)
)
dx
−
ˆ
Ω
1
q(x)
|u|q(x) dx
≥ k0
ˆ
Ω
1
p(x)
[
|∆u|p(x) + |∇u|p(x)
]
dx−
λǫp+
µ1
ˆ
Ω
1
p(x)
|∇u|p(x) dx
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− λC(ǫ)
ˆ
Ω
|u|α(x) dx−
1
q−
ˆ
Ω
|u|q(x) dx, ∀u ∈ X,
where k0 := min{1, m0}. Hence, by choosing ǫ =
k0µ1
2λp+
> 0, then invoking Proposition 3.2,
(5.5) and (5.41), the preceding estimation yields
J˜λ(u) ≥
k0
2
ˆ
Ω
1
p(x)
[
|∆u|p(x) + |∇u|p(x)
]
dx− λC(ǫ)
ˆ
Ω
|u|α(x) dx−
1
q−
ˆ
Ω
|u|q(x) dx
≥
k0
2
min
{
‖u‖p
+
0 , ‖u‖
p−
0
}
− λC(ǫ)max
{
|u|α
+
α(·), |u|
α−
α(·)
}
−
1
q−
max
{
|u|q
+
q(·), |u|
q−
q(·)
}
≥
k0
2
min
{
‖u‖p
+
0 , ‖u‖
p−
0
}
− λC(ǫ)Cα
+
8 max
{
‖u‖α
+
0 , ‖u‖
α−
0
}
−
Cq
+
8
q−
max
{
‖u‖q
+
0 , ‖u‖
q−
0
}
.
Hence, for any u ∈ X with ‖u‖0 = ρ ∈ (0, 1), it holds that
J˜λ(u) ≥
k0
2
ρp
+
− λC(ǫ)Cα
+
8 ρ
α− −
Cq
+
8
q−
ρq
−
=
(
k0
2
− λC(ǫ)Cα
+
8 ρ
α−−p+ −
Cq
+
8
q−
ρq
−−p+
)
ρp
+
=: δ. (5.42)
Since p+ < min {α−, q−}, it follows from (5.42) that for ρ > 0 sufficiently small we have
J˜λ(u) ≥ δ > 0, ∀u ∈ X with ‖u‖0 = ρ.
(ii) Fix u˜0 ∈ X such that u > 0 in Ω and ‖u˜0‖0 = 1. Using (5.4) and (F4), for any t > 1,
we have
J˜λ(tu˜0) =
ˆ
Ω
1
p(x)
|∆(tu˜0)|
p(x) dx+ M̂0
(ˆ
Ω
1
p(x)
|∇(tu˜0)|
p(x) dx
)
− λ
ˆ
Ω
F (x, tu˜0) dx−
ˆ
Ω
1
q(x)
|tu˜0|
q(x) dx
≤ tp
+
(1 +M(t0))−
tq
−
q+
ˆ
Ω
|u˜0|
q(x) dx. (5.43)
Since p+ < q−, it follows from (5.43) that there exits t3(λ) > ρ such that
J˜λ(tu˜0) < 0, ∀t ≥ t3(λ). (5.44)
Then, by setting eλ := t3(λ)u˜0 we have that eλ ∈ X satisfying ‖eλ‖0 > ρ and J˜λ(eλ) < 0.
This completes the proof of Lemma 5.6. 
For each λ > 0, let eλ be as in the preceding lemma and define
cλ := inf
g∈Gλ
max
t∈[0,1]
J˜λ(g(t)), (5.45)
where
Gλ := {g ∈ C([0, 1], X) : g(0) = 0, g(1) = eλ} .
As a consequence of Lemma 5.6 and [22, Lemma 3.1] we have the following.
Lemma 5.7. The number cλ is positive and there exists a sequence {un} ⊂ X such that
J˜λ(un)→ cλ and J˜
′
λ(un)→ 0 as n→∞.
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Furthermore, we have the following property for cλ. This result, together with Theo-
rem 2.1, will help us to overcome the lack of compactness in the p(·)-superlinear case of
f .
Lemma 5.8. It holds that
lim
λ→∞
cλ = 0,
where cλ is given by (5.45).
Proof. Let {λn} be an abitrary sequence of real positive numbers such that λn →∞ as n→
∞. By the proof of Lemma 5.6, for each n ∈ N, there exists tλn > 0 such that J˜λn(tλn u˜0) =
maxt≥0 J˜λn(tu˜0). For this reason, it follows that tλn
d
dt
J˜λn(tu˜0)
∣∣∣
t=tλn
= 〈J˜ ′λn(tλn u˜0), tλn u˜0〉 =
0, namely,ˆ
Ω
|∆(tλn u˜0)|
p(x) dx+M0
(ˆ
Ω
1
p(x)
|∇(tλn u˜0)|
p(x) dx
) ˆ
Ω
|∇(tλnu˜0)|
p(x) dx
= λn
ˆ
Ω
f(x, tλn u˜0)tλn u˜0 dx+
ˆ
Ω
|tλnu˜0|
q(x) dx. (5.46)
Thus, by (F4) we obtainˆ
Ω
|∆(tλn u˜0)|
p(x) dx+M0
(ˆ
Ω
1
p(x)
|∇(tλn u˜0)|
p(x) dx
) ˆ
Ω
|∇(tλn u˜0)|
p(x) dx
≥ min
{
tq
+
λn
, tq
−
λn
} ˆ
Ω
|u˜0|
q(x) dx. (5.47)
On the other hand, taking into account (5.4), (5.5) and the fact that ‖u˜0‖0 = 1, we getˆ
Ω
|∆(tλn u˜0)|
p(x) dx+M0
(ˆ
Ω
1
p(x)
|∇(tλn u˜0)|
p(x) dx
) ˆ
Ω
|∇(tλnu˜0)|
p(x) dx
≤ p+max {1,M(t0)}
ˆ
Ω
1
p(x)
[
|∆(tλn u˜0)|
p(x) + |∇(tλn u˜0)|
p(x)
]
dx
≤ p+max {1,M(t0)}max
{
tp
+
λn
, tp
−
λn
}
. (5.48)
Using (5.47) and (5.48), we deduce that the sequence {tλn} is bounded since p
+ < q−. Up
to a subsequence, we may assume that tλn → t˜0 as n→∞. Moreover, by (5.46) and (5.48)
we have
λn
ˆ
Ω
f(x, tλnu˜0)tλn u˜0 dx+
ˆ
Ω
|tλn u˜0|
q(x) dx ≤ C, ∀n ∈ N. (5.49)
If t˜0 > 0, then it follows from assumption (F4) that
λn
ˆ
Ω
f(x, tλnu˜0)tλn u˜0 dx+
ˆ
Ω
|tλn u˜0|
q(x) dx→∞, n→∞,
which contradicts (5.49). So, we get t˜0 = 0, namely,
lim
n→∞
tλn = 0. (5.50)
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For each n ∈ N, we consider the path g∗(t) = teλn with t ∈ [0, 1], where eλn is taken from
the proof of Lemma 5.6. Clearly, g∗ ∈ Gλn and note that, by applying (5.44) for λ = λn,
max
t≥0
J˜λn(tu˜0) = max
t∈[0,t3(λn)]
J˜λn(tu˜0) = max
t∈[0,1]
J˜λn(teλn) = max
t∈[0,1]
J˜λn(g∗(t)).
Thus, by (F4), (5.4) and (5.48), we have the following estimate
0 < cλn = inf
g∈Gλn
max
t∈[0,1]
J˜λn(g(t))
≤ max
t∈[0,1]
J˜λn(g∗(t)) = max
t≥0
J˜λn(tu˜0) = J˜λn(tλn u˜0)
≤ max {1,M(t0)}
ˆ
Ω
1
p(x)
[
|∆(tλn u˜0)|
p(x) + |∇(tλn u˜0)|
p(x)
]
dx
≤ max {1,M(t0)}max
{
tp
+
λn
, tp
−
λn
}
. (5.51)
From (5.50) and (5.51) we obtain limn→∞ cλn = 0 and thus, the desired conclusion follows.

Proof of Theorem 2.3. By Lemma 5.8, there exists λ˜∗ > 0 such that
cλ <
(
1
θ
−
1
q−
)
S
N
2 , ∀λ ≥ λ˜∗, (5.52)
where cλ and S are given by (5.45) and (2.1), respectively. We will show that for each
λ ≥ λ˜∗, the modified energy functional J˜λ has a nontrivial critical point. To this end, let
λ ≥ λ˜∗. By Lemma 5.7, there exists a sequence {un} ⊂ X such that
J˜λ(un)→ cλ (> 0) and J˜
′
λ(un)→ 0 as n→∞. (5.53)
We claim that {un} is bounded in X . Indeed, using (5.53), (5.3), (5.4) and assumption
(F4), we have that for all n ∈ N large enough,
1 + cλ + ‖un‖0
≥ J˜λ(un)−
1
θ
〈J˜ ′λ(un), un〉
≥
(
1
p+
−
1
θ
) ˆ
Ω
|∆un|
p(x) dx+ M̂0
(ˆ
Ω
1
p(x)
|∇un|
p(x) dx
)
−
1
θ
M0
( ˆ
Ω
1
p(x)
|∇un|
p(x) dx
) ˆ
Ω
|∇un|
p(x) dx+
(
1
θ
−
1
q−
) ˆ
Ω
|un|
q(x) dx
+ λ
ˆ
Ω
(
1
θ
f(x, un)un − F (x, un)
)
dx
≥
(
1
p+
−
1
θ
) ˆ
Ω
|∆un|
p(x) dx+
(
m0
p+
−
M(t0)
θ
) ˆ
Ω
|∇un|
p(x) dx
≥ k˜0
ˆ
Ω
1
p(x)
[
|∆un|
p(x) + |∇un|
p(x)
]
dx,
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where k˜0 := p
−min
{(
1
p+
− 1
θ
)
,
(
m0
p+
− M(t0)
θ
)}
> 0 (see (5.39)). From this and (5.5) we
deduce that for all n ∈ N large enough,
1 + cλ + ‖un‖0 ≥ k˜0
(
‖un‖
p−
0 − 1
)
,
which yields the boundedness of {un} in X due to p
− > 1. By the reflexivity of X and
Theorem 2.1, up to a subsequence we have
un(x) → u
λ(x) a.e. x ∈ Ω, (5.54)
un ⇀ u
λ in X, (5.55)
|∆un|
p(·) ∗⇀ µ ≥ |∆uλ|p(·) +
∑
i∈I
µiδxi in M(Ω), (5.56)
|un|
q(·) ∗⇀ ν = |uλ|q(·) +
∑
i∈I
νiδxi in M(Ω), (5.57)
Sν
1
p∗2(xi)
i ≤ µ
1
p(xi)
i , ∀i ∈ I. (5.58)
As before, we will show that I = ∅. Indeed, suppose on the contrary that there exists i ∈ I.
By repeating arguments used in the proof Lemma 5.1 with u = uλ we obtain
νi = µi ≥ S
N
2 . (5.59)
On the other hand we deduce from (5.53), (F4), (5.3) and (5.4) that
cλ + on(1) = J˜λ(un)−
1
θ
〈J˜ ′λ(un), un〉
≥
(
1
p+
−
1
θ
) ˆ
Ω
|∆un|
p(x) dx+
(
m0
p+
−
M(t0)
θ
) ˆ
Ω
|∇un|
p(x) dx
+
(
1
θ
−
1
q−
) ˆ
Ω
|un|
q(x) dx. (5.60)
Hence,
cλ + on(1) ≥
(
1
θ
−
1
q−
) ˆ
Ω
|un|
q(x) dx.
Now, passing to the limit as n → ∞ in the last inequality and utilizing (5.57) and (5.59)
we obtain
cλ ≥
(
1
θ
−
1
q−
)
νi ≥
(
1
θ
−
1
q−
)
S
N
2 ,
which is in a contradiction with (5.52). Thus, we have proved that I = ∅. Again, arguing
as in the proof Lemma 5.1 we infer that un → u
λ in X as n→∞. Hence, by (5.53) we get
that uλ is a critical point of the modified energy functional J˜λ. Moreover, u
λ is nontrivial
since J˜λ(u
λ) = cλ > 0.
In order to finish the proof of Theorem 2.3, we will show that there exists λ∗ ≥ λ˜∗ such
that for each λ ≥ λ∗, the above uλ is also a nontrivial solution to problem (1.1). Indeed, by
(5.60) again we have
cλ + on(1) ≥
(
1
p+
−
1
θ
) ˆ
Ω
|∆un|
p(x) dx+
(
m0
p+
−
M(t0)
θ
) ˆ
Ω
|∇un|
p(x) dx
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≥ k˜0
ˆ
Ω
1
p(x)
[
|∆un|
p(x) + |∇un|
p(x)
]
dx,
where k˜0 = p
−min
{(
1
p+
− 1
θ
)
,
(
m0
p+
− M(t0)
θ
)}
> 0. Passing to the limit as n → ∞ in the
last inequality we arrive at
cλ ≥ k˜0
ˆ
Ω
1
p(x)
[
|∆uλ|p(x) + |∇uλ|p(x)
]
dx
and thus, ˆ
Ω
1
p(x)
[
|∆uλ|p(x) + |∇uλ|p(x)
]
dx ≤ k˜−10 cλ (5.61)
From this and Lemma 5.8, we find λ∗ ≥ λ˜∗ such thatˆ
Ω
1
p(x)
[
|∆uλ|p(x) + |∇uλ|p(x)
]
dx ≤ t0, ∀λ ≥ λ
∗.
This means that uλ is also a nontrivial solution to problem (1.1) provided λ ≥ λ∗. Moreover,
(5.61) also implies that limλ→∞ ‖u
λ‖0 = 0 in view of Lemma 5.8 and the relation (5.5). By
the equivalence of two norms ‖·‖0 and ‖·‖ in X , we complete the proof of Theorem 2.3. 
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